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Geometry of quantum states in bilayer skyrmion
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Magnetic skyrmions are promising information carriers for spin-based architectures due to their
topological protection against small perturbations in their media, small energy dissipation, and low
or no magnetic field requirements for stability and control. We present a detailed treatment of bilayer
skyrmions using the language of homotopy groups and complex projective spaces. Here, we study
the antiferromagnetic coupling and entanglement between skyrmion crystals in magnetic bilayer
systems. We first formulate the problem of large bilayer skyrmions using CP1 ⊗ CP1 theory. We
have considered bilayer skyrmions under the presence of Dzyaloshinskii-Moriya (DMI) and Zeeman
interactions confined in a two-dimensional chiral magnet such as Fe0.5Co0.5Si. We parametrize
the bilayer skyrmions using SU(4) representation, and represent each skyrmion and antiskyrmion
using Schmidt decomposition. The reduced density matrices for skyrmion and antiskyrmion are
calculated. The conditions for maximal, partial entanglement and separable bilayer skyrmions are
presented.
PACS numbers:
I. INTRODUCTION
Magnetic skyrmions are topologically-protected spin textures with sizes ranging from a few to hundreds of nanome-
ters. Their topological protection allows for robustness against perturbations in the environment. Magnetic skyrmions
offer rich new physics [1] and device applications [2] since they are promising information carriers for spin-based com-
putation. Due to their topological structure, they dissipate less than 100 kBT per skyrmion, require low or no magnetic
field for stability and control.
Skyrmions can be driven by charge or spin currents as information carriers in confined geometries [3]. In general,
skyrmions are subject to skyrmion Hall effect (SkHE) caused by Magnus force. The SkHE was predicted theoretically
in [4] and has been observed experimentally [5]. The SkHE is caused by Magnus force acting on the moving skyrmion
with topological charge (Pontryagin number) Q = 14π
∫
d2r n. (∂n
∂x
× ∂n
∂y
) = ±1[6]. Magnus force is the force acting
transverse to the skyrmion’s velocity in the medium and can be interpreted as a manifestation of the real-space Berry
phase [7].
SkHE is a undesirable effect since the skyrmions experience it will deviate from going in straight path. As a result,
skyrmions can be damaged or even destroyed at the edges of the nanotrack. One scienario of suppressing SkHE
is to take two perpendicular magnetized ferromagnetic (FM) layers strongly coupled via antiferromagnetic (AFM)
exchange coupling with a heavy layer beneath the bottom FM layer. It was shown that when one skyrmion is created
at the top FM layer, simultaneously another skyrmion is created at the bottom FM layer with opposite topological
charge forming the so-called bilayer skyrmions[8]. The bilayer skyrmion was studied previously using classical Landau-
Lifshitz-Gilbert (LLG) equation [9] and Thiele equation [10]. Bilayer skyrmions can couple and move together for
sufficiently strong AFM coupling even when the current is injected only into the bottom FM layer. In this case, the
SkHE is vanished since the Magnus force acting on the top skyrmion is equal to the Magnus force that acts on the
bottom skyrmion with opposite sign leaving us with zero net force [8]. Later, it has been shown that we can have four
distinct types of coupled skyrmions in bilayer systems [11]. These states differ from each other either by the sign of
Heisenberg interaction coupling between the two FM layers or by the sign of helicity ( Dzyaloshinskii-Moriya vector
D). Our concern is mainly towards the case when the Heisenberg interaction coupling is a negative quantity and with
equal helicities.
Quantum effects are expected to emerge for nanoscale skyrmions like skyrmions in Fe/Ir [12] or near the phase
boundary between skyrmion crystal phase (SkX) and ferromagnetic phase at zero temperature like skyrmions in
Fe0.5Co0.5Si [13]. During this phase transition, quantum liquid phase is expected to appear. The classical LLG
and Thiele equation break down due to quantum fluctuations. The full quantum theory of bilayer skyrmions is out
of the scope of this work and it can be recovered under some circumstances. For example, for sufficiently weak
antiferromagnetic exchange coupling between the two FM layers, bilayer skyrmions can be seen as two separate
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2skyrmions and the quantum dynamics is already known for a single large skyrmion [13]. In this work, we will give a
detailed theory of large bilayer skyrmions ( with sizes at order of 100 nm ) using the HDMZ (Heisenberg exchange +
Dzyaloshinskii-Moriya interaction + Zeeman interaction) Model using the language of CP1⊗CP1-theory. The problem
of entanglement in large bilayer skyrmions is studied from general perspective using our developed continuum theory
of bilayer skyrmions and SU(4) representation. In the final section, we study the geometry of quantum states in
bilayer skyrmions.
II. THE CP1 ⊗ CP1-THEORY OF LARGE BILAYER SKYRMION
In this section we will present a detailed theory of bilayer skyrmions written with respect to the CP1⊗CP1-theory.
The HDMZ Hamiltonian density in each ferromagnetic layer with broken inversion symmetry can be written as
Hi = J
2
(∂µni) · (∂µni) +Dni · (∇× ni)−B · ni, (2.1)
We adopted the Einstein summation notation for repeated indices ∂µn · ∂µn ≡ Σµ∂µn · ∂µn. Since we are interested
in two-dimensional thin films fabricated from chiral magnets, µ = x, y and i = S,A label the skyrmion and anti-
skyrmion respectively. ni = (sin θi cosφi, sin θi sinφi, cos θi)
T is the transpose magnetic moment unit written in the
O(3) representation and has unit modulus |ni|2 = 1. The first term in the Hamiltonian is the exchange interaction with
exchange constant J , the second term is the DMI term with D being the Dzyaloshinskii-Moriya (DM) vector constant
[14]. The DMI term is responsible for chirality in the system since it has a vanishing value for centrosymmetric
structures. The last term is the Zeeman interaction which plays an important role in stabilization of large skyrmions.
The magnetic anisotropy term is ignored since such a term does not play an important role in Fe0.5Co0.5Si [15]. The
total energy is the spatial integral of Hi: Hi =
∫
d2r Hi. The bilayer skyrmion can be described by the following
Hamiltonian Htot = HS +HA +Hint. The term Hint is assumed to contain the AFM exchange coupling between the
two FM layers
Hinter = −Jint
∫
d2x ni=S .ni=A. (2.2)
The AFM interaction Hamiltonian term is responsible for the coupling between spin degrees of freedom in skyrmion
and spin degrees of freedom in antiskyrmion. AFM-coupled spins are in opposite alignment with each others. Other
possible interaction terms such as dipole-dipole interaction between the spins are assumed to be negligible at short
distances.
We will use a purely geometric approach in our investigation of quantum entanglement, thus it is more convenient to
work in the equivalent CP1 formulation of the nonlinear sigma model NLσM [16, 17]. This can be done in virtue of
the Hopf map ni = z
†
iσzi. This mapping connects the classical object ni with spinor zi =
(
cos θi2
sin θi2 e
iφi
)
. The spinor
zi can be seen as the coherent-state wavefunction of spin-
1
2 particles. The equation 2.1 can be re-expressed in term
of the spinor zi as
Hi = J
2
(∂µni).(∂µni) +D ni.(∇× ni)−B.ni (2.3)
= 2J
(
∂µz
†
i + iaµ z
†
i − iκ z†σµ
)(
∂µzi − iaiµ zi + iκ σµzi
)−B z†iσzi
= 2J(Dµzi)
†Dµzi −B z†iσzi.
Where Dµ = ∂µ − iaµ + iκσµ is the covariant derivative, κ = D2J , and aµ = −iz†∂µz is the emergent gauge field.
The DMI term can be phrased as follows in term of the spinor zi
ni.(∇× ni) = −2ni.a− iz†i (σ.∇) zi + i(∇z†i ). σzi. (2.4)
The inclusion of DMI in the effective Hamiltonian 2.1 is done simply by adding a nonabelian gauge field proportional to
the Pauli matrices σµ. The emergent gauge field a
i
µ is usually called the real-space Berry connection. It is synthesized
by adiabatically varying the magnetic texture sufficiently slow in time. The real-space Berry phase connection can
give rise to the skyrmion Hall effect. Unlike the momentum-space Berry connection which gives rise to the anomalous
Hall effect [7]. Although the nonabelian gauge field is nondynamic (constant), it has associated flux with it. The field
tensor obtained from the gauge potential aµ is
F iµν = i[Dµ, Dν ] = f
i
µν + 2κ
2ǫµνλσλ. (2.5)
3Where the abelian part of the flux is f iµν = ∂µa
i
ν − ∂νaiµ.
The two-dimensional emergent vector potential for the single magnetic skyrmion is
ai = −iz†i∇2zi =
φˆi
2r
(1− cos θi(r)) = φˆi
r
sin2
θi
2
. (2.6)
Where φˆi = (sinφi, cosφi, 0). The magnetic flux originating from this vector potential is
∇2 × ai = 1
2r
sin θi(r) θ
′
i(r). (2.7)
Where ∇2 ≡ (∂x, ∂y, 0).
The local spin orientation (θi, φi) is related to the local coordinate system of a single skyrmion (r, ϕ) such that
θi = θi(r) and φi = ϕi− π2 . For seek of simplicity, we assume B = Bzˆ > 0. The geometric considerations of skyrmions
impose the following boundary conditions on θi: (a) θi(∞) = 0 and (b) θi(0) = π. The total energy of a single
skyrmion (anti-skyrmion) in the CP1 formulation reads [17]
ESK = 4πJ
∫ ∞
0
rdr
[
(
1
2
dθi
dr
+ κ)2 − κ2 + κ
r
sin θi cos θi +
1
4r2
sin2 θi − γ(cos θi − 1)
]
, (2.8)
Where γ = B2J . The total energy of large bilayer skyrmion reads
Etot = ESk(θS) + ESk(θA) + Eint(θS , θA), (2.9)
In CP1-formulation, the AFM interaction term takes the form
Eint = −2πJint
∫ ∞
o
rdr cos θS . cos θA. (2.10)
The total energy functional 2.12 simplifies for fixed values of DM interaction constants D, exchange couplings J
and magnetic fields B in both skyrmion and its AFM coupled antiskyrmion. It takes the simple form
Etot =
∫ ∞
0
rdr
[
8πJ
(
(
1
2
dθ
dr
+ κ)2 − κ2 + 1
4r2
sin2 θ + 2γ
)
+ 2πJint cos
2 θ
]
. (2.11)
Realistically, in order for 2.8 to make sense is to introduce a hard cutoff rSk such that θS,A(r) = 0 for r ≥ rSk.
Physically, rSk is a half-skyrmion distance in the skyrmion phase crystal or the size of skyrmion.
Etot ∼=
∫ rSK
0
rdr
[
8πJ
(
(
1
2
dθ
dr
+ κ)2 − κ2 + 1
4r2
sin2 θ + 2γ
)
+ 2πJint cos
2 θ
]
. (2.12)
III. SU(4) PARAMETRIZATION OF BILAYER SKYRMION
In this section we will give a specific representation of spin degrees of freedom in bilayer skyrmions using SU(4)
symmetry. The SU(4) skyrmions were studied before in multicomponent quantum Hall system [18] and graphene [19].
The skyrmions in these systems are stabilized mainly by the competition between Zeeman interaction and Coulomb
interaction, unlike skyrmions in thin magnetic films. However, both skyrmions share the same topological properties in
common regardless of the system’s details. For large bilayer skyrmions, we consider the properties of SU(2)⊗ SU(2)
skyrmion-antiskyrmion pairs under the presence of DM interaction and Zeeman interaction (HDMZ model). We
do this from a perspective of entanglement between the spin degrees of freedom in skyrmion and its AFM coupled
anti-skyrmion. Because of Zeeman interaction term, the full SU(4) symmetry will breakdown to the U(1) ⊗ U(1)
symmetry. The symmetry group U(1)⊗ U(1) corresponds to a rotation of spin in skyrmion and antiskyrmion along
the applied magnetic field direction ( in our case, the z-direction). Interestingly, the DMI term written in term of
spinors zi preserves the full SU(4) symmetry. This is due to the embedding of DMI term in the covariant derivative
that acts on the spinor zi as a nondynamic term.
We parametrize the SU(4) bilayer skyrmion using a Schmidt decomposition [20]. According to Schmidt decompo-
sition, Every pure state in the Hilbert space H12 = H1 ⊗H2 can be written in the form
4| ψ〉 = ΣN−1i=0 λi | ei〉⊗ | fi〉, (3.1)
Where {| ei〉}N1−1i=0 is an orthonormal basis for H1, {| fi〉}N2−1i=0 is an orthonormal basis for H2, N ≤ min{N1, N2},
and λi are non-negative real numbers such that Σ
N−1
i=0 λ
2
i = 1. Thus, we can express the wavefunction as
| Ψ(r)〉 = cos α
2
| Φ+S 〉⊗ | Φ+A〉+ sin
α
2
eiβ | Φ−S 〉⊗ | Φ−A〉 =


cos α2 cos
θA
2 cos
θS
2 + sin
θA
2 sin
θS
2 e
i(β−φA−φS)
cos α2 sin
θA
2 cos
θS
2 e
iφA − sin α2 sin θS2 cos θA2 ei(β−φS)
cos α2 cos
θA
2 sin
θS
2 e
iφS − sin α2 sin θA2 cos θS2 ei(β−φA)
cos α2 sin
θA
2 sin
θS
2 e
i(φA+φS) + sin α2 cos
θA
2 cos
θS
2 e
iβ


(3.2)
Where α ǫ [0, π] and β ǫ [0, 2π] are function of r, and the local two-component spinors | Φ+S 〉, | Φ−S 〉, | Φ+A〉 and | Φ−A〉
are constructed as follows | Φ+i 〉 =
(
cos θi2
sin θi2 e
iφi
)
and | Φ−i 〉 =
(− sin θi2 e−iφi
cos θi2
)
, where here θi ǫ [0, π] and φi ǫ [0, 2π] are
the usual polar angles defining the vector n. We can read off directly the reduced density matrices using the Schmidt
decomposition. The reduced density matrices for spins in skyrmion and antiskyrmion are
ρS = TrA(| Ψ(r)〉〈Ψ(r |) = cos2 α
2
| Φ+S 〉〈Φ+S | +sin2
α
2
| Φ−S 〉〈Φ−S |, (3.3)
ρA = TrS(| Ψ(r)〉〈Ψ(r |) = cos2 α
2
| Φ+A〉〈Φ+A | +sin2
α
2
| Φ−A〉〈Φ−A | . (3.4)
Obviously when α = π2 , the off-diagonal terms vanish and the diagonal terms become 1. This verify the maximal
entanglement condition ρAik =
1
2 I2.
The local transformation operators U of the density matrices form a six-dimensional subgroup SU(2)⊗ SU(2) of the
full unitary group U(4) = U(1) ⊗ SU(4). The local transformation operators U are parametrized by an arbitrary
six real variables such that U(θS , φS , θA, φA, α, β)
†U(θS , φS , θA, φA, α, β) = I4 (4×4 identity matrix) . Without loss
of generality, we can use I2 ⊗ σµ and σµ ⊗ I2 as hermitian su(2) ⊗ su(2) Lie algebra basis of the full SU(4)-bilayer
skyrmion theory. Here, σµ and I2 denote the Pauli matrices and the two-dimensional identity matrix respectively.
IV. GEOMETRY OF QUANTUM STATES
Magnetic skyrmions are whirling spin configuration augmented with topological protection against small per-
turbation in medium. In this section, we will give a geometric description to the problem [21]. This approach
will give us a better description to the problem of entangled spins in bilayer skyrmion. The space of quantum
states in bilayer skyrmion is the CP3. In complex projective geometry, the CPN is the space of rays in CN+1, or
equivalently the space of equivalence classes of N + 1 complex numbers, at least one of them is non-zero, under
(Z0, Z1, . . . , ZN ) ∼ λ(Z0, Z1, . . . , ZN ), where λε C and λ 6= 0. In quantum mechanics, the CPN space is a collection
of normalized four-component complex vectors z = (z1, z2, z3, . . . zN )
T , and such that two vectors z and eiϕz are
equivalent for arbitrary ϕ ǫ R. Both defintions are equivalent and we shall call throughout this paper any normal-
ized C4 vector z a CP3 spinor. The manifold CP3 is isomorphic to U(4)[U(3)⊗U(1)]
∼= SU(4)[SU(3)⊗U(1)] , therefore the second
homotopy group is π2(CP
3) = π2{ SU(4)[SU(3)⊗U(1)]} = π1[SU(3)⊗ U(1)]. Using the fact that the homotopy group for the
product manifold factorizes as πk(g ⊗H) = πk(g)⊗ πk(H) alongside with the fact that any simple Lie group g has a
vanishing fundamental homotopy group(i.e π1(g) = 0). We obtain π2(CP
3) = π1[SU(3)]⊗ π1[U(1)] = Z [22].
The pure state for each spin- 12 can be described by a vector in a 2-dimensional complex vector space. In Dirac
notation, this vector can be expressed as | Ψ〉 = ΣN−1i=0 Zi | i〉, Where | i〉 is a given orthonormal basis. The distance
DFS between two states | Ψ1〉 and | Ψ2〉 is given by the Fubini-Study distance [23]
cos2DFS =
| 〈Ψ1 | Ψ2〉 |2
〈Ψ1 | Ψ1〉〈Ψ2 | Ψ2〉 =
| Z1.Z2 |2
(Z1.Z1)(Z2.Z2)
. (4.1)
Where Zi is the row vector whose entries are the complex conjugates of the entries of the column vector Z
i
. The
Fubini-Study metric measures the distinguishability of pure quantum states. In quantum communication theory,
5Fubini-Study distance is known as fidelity function. Since we considered a continuum theory for describing large
bilayer skyrmions in scetion II. The distinguishability of any two arbitrary state in large skyrmion or antiskyrmion is
supposed to be difficult to observe. The infinitesimal form of the Fubini-Study distance becomes the metric tensor
ds2 =
Z.ZdZ.dZ − Z.dZdZ.Z
(Z.Z)(Z.Z)
, (4.2)
Here Z.Z = ZiZi. From Fubini-Study metric, the time-energy uncertainty relation can be derived directly for each
single spin [21]. As a spin-coherent state goes through a closed loop, it will gain the phase γ =
∮ 〈ψ(s) | d
ds
| ψ(s)〉. It
was found that this phase is equal to the Riemannian curvature K = 12S of the phase space of spin-coherent state up
to a constant. When S = 1/2 ( like large 2D skyrmions), the curvature is equal to its maximum value K = 1 [23].
Any arbitrary state vector for bipartite composite system can be expressed as
| Ψ〉 = 1√
N
ΣN−1i=0 Σ
N−1
j=0 Cij | i〉⊗ | j〉, (4.3)
Where Cij is an N × N matrix with complex entries. For the 2 × 2 case, we have (Z0, Z1, Z2, Z3) =
(C00, C01, C10, C11). The density matrix for the composite system can be written as ρij,kl =
1
N
CijC
⋆
kl. Since the
system is in pure state, its density matrix has rank one. Now suppose we perform experiment in one of the two FM
layers, the reduced density matrix for this subsystem is the partially traced density matrix ρA = TrBρ := TrHBρ
which equals to ρAik = Σ
N−1
j=0 ρij,kj . The rank of this subsystem density matrix may be greater than one. The global
state of the bilayer skyrmion may be written as a product state spanned in the total Hilbert space H = HA ⊗HB
| Ψ〉 =| A〉⊗ | B〉 = ΣN−1i=0 ΣN−1j=0 (ai | i〉)⊗ (bj | j〉), (4.4)
So the matrix Cij = aibj is the dyadic product of two vectors a and b. It is not difficult to notice that such global
state of this kind is disentangled or separable since the partially traced matrix and the matrix Cij have rank one and
the subsystems are in pure states of their own. On other hand, the maximally entangled state can be identified using
the condition ρAik =
1
N
IN which corresponds to Σ
N−1
j=0 CijC
⋆
kj = δik. It means that we know nothing at all about the
state of the subsystems even though the global state is precisely determined. The maximally entangled states form an
orbit of the group of the local unitary transformations. In our case, this group is SU(2)
Z
= SO(3). This happens to be
the real projective space RP3. In general, the group U(N )
U(1) =
SU(N )
ZN
is a Lagrangian sumanifold of CPN
2−1. Between
these two cases, the separable and maximally entangled cases, the Von Neumann entropy S = −Tr(ρA lnρA) takes
some intermediate value and they can be entangled.
V. CONCLUSION
We have studied the geometry of quantum states in large bilayer skyrmions. First we formulated the problem using
CP
1 ⊗ CP1-theory. A representation for the spin degrees of freedom in large bilayer skyrmions is presented based on
SU(4). The density matrices for the spin degrees of freedom both in skyrmion and its AFM-coupled antiskyrmion
have been calculated. The conditions for maximal or partial entanglement and separability within bilayer skyrmions
have been derived.
In comparsion with graphene and multicomponent Hall ferromagmet, we found intimate relation between the entan-
glement conditions between large bilayer skyrmions and SU(4)-skyrmions. Physically, the system that we studied
during this work is different from that studied in Graphene and multicomponent Hall ferromagmet systems. For
example, they dealt in graphene case with the entanglement of spin-valley pseudospin degress of freedom in a single
skyrmion [24]. In contrast, we have considered two separate skyrmions with AFM coupling between its internal spins.
This is the reason why we used CP1 ⊗ CP1-theory instead of CP3-theory. However, the space of entangled states is
CP
3 as it should be [21].
In final section, we have described the geometry of quantum states in bilayer skyrmions based on our findings in the
previous sections of this work. As a final comment, we expect that bilayer skyrmions can be a playground for testing
our geometric approach to quantum entanglement both theoretically and experimentally.
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